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\ Abstract. The concept of the derivative-dependent functional separable solution, as a 

■ generalization to the functional separable solution, is proposed. As an application, it is used 
to discuss the generalized nonlinear diffusion equations based on the generalized conditional 
symmetry approach. As a consequence, a complete list of canonical forms for such equations 

■ which admit the derivative-dependent functional separable solutions is obtained and some 
• ' exact solutions to the resulting equations are described. 



1. Introduction 

> 

■ A number of methods have been proved to be effective for finding symmetry reduction and 
constructing exact solutions to nonhnear diffusion equations. These include the Lie's classical 

O ! approach the nonclassical approach 0, the direct method Q, the modified direct method 

I Q, the generalized conditional symmetry (GCS) method Q, the nonlocal symmetry method 

■ Q, the truncated Painleve approach the sign-invariant and invariant space methods 
the transformation method Q and the ansatz-based methods [10-13] etc. There are many 
different directions of the mathematical and physical theory to concern their exact solutions 
and various properties. 

^ ■ It is well known that the method of variable separation is one of the most universal and 

^ ■ efficient means for study of linear partial differential equations (PDEs). Several methods of 

variable separation for nonlinear partial differential equations (PDEs) such as the classical 



method |14], the differential Stackel matrix approach |15], the ansatz-based method [12-16], 
the geometrical method [|l7|], the formal variable separation approach (nonlinearization of 
the Lax pais or symmetry constraints) [^] and the informal variable separation methods 



1 19] have been suggested. From the point of view of symmetry group and the ansatz of 
the solution form, we now emphasize two of those ansatzs. One is the ordinary additive 
or product separable solution. The other is the functional separable solution which is a 
generalization of the former, where the compatibility of the symmetry constraint with the 



considered equations is concerned [11-13]. In [19], exact solutions depending on arbitrary 
functions and their derivatives to many (2 -|- l)-dimensional nonlinear integrable models have 
emerged through the variable separation process, and abundant localized excitations and 
their rich interaction behaviors have been revealed. All these prompt us to extend our results 
in [12, O] to be more general. 



In ]|T2|, ^], we have discussed the functional separable solution 



f{u) = a{x) + h{t), (1.1) 
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to the generalized porous medium equation 

= (Z)(n)0^ + F(n), (1.2) 

for n = 1 and n ^ 1 respectively by using the GCS method. 

To obtain more abundant exact solutions to nonlinear PDEs, our basic idea is to weaken 
the general symmetry constraint condition and to include much more solutions. In this paper, 
we extend the concept of functional separable solution ( |1.1[ ) to that of derivative-dependent 
functional separable solution (DDFSS) 

f{u,u^) = a{x) + b{t), (1.3) 

and apply it to the nonlinear diffusion equation 

ut = A{u,Ux)uxx + B{u,Ux). (1.4) 

It is clear that when fu^{u,Ux) = 0, (|1.3|) becomes (pTl]), so we assume that fuxiu,Ux) / 
hereafter. 



The compatibility of (1.3) and (1.4) can be described in terms of the GCS method. The 
GCS is a natural generalization of both the generalized symmetry and the conditional sym- 
metry m. 

Consider the general m-th order (1 + l)-dimensional evolution equation 

Ut = E{t,X,U,Ui,U2,- ■ ■ ,Um), (1-5) 

where = 1 < k < m, and ii^ is a smooth function of the indicated variables. Let 

d 

V = rj{t,x,u,ui,U2,- ■ ■ ,Uj) — , (1.6) 
be an evolutionary vector field and its characteristic. 

Definition 1. The evolutionary vector field (|l.6| ) is said to be a generalized symmetry of 
( p..5| ) if and only if 

y(™)(ni-i?)U = o. 

where L is the solution set of (|1.5|), and l/^™-) is the m-th prolongation of V . 

Definition 2. The evolutionary vector field (|1.6| ) is said to be a GCS of ( |1.5| ) if and only if 

V^^\ut-E)\L^^ = f). (1.7) 

where W is the set of equations D't^rj = 0, i = 0, 1, 2, • • • . 



It follows from that (U) admits the GCS (|TJ) if and only if 

Ar/ = 0. (1.8) 

where Dt denotes the total derivative in t. Moreover, if r] does not depend on time t explicitly, 
then 

V'E\l[\w = 0, 

where 

ril{u)E = lim — riiu + eE) 
€~^o de 

denotes the Frechet derivative of r] along the direction E. 
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The outline of this paper is as follows. In Section 2, we will classify Eq. ( |1.4| ) which admit 
derivative-dependent functional separable solutions. Some exact solutions to the resulting 
equations are presented in Section 3. Section 4 is a summary and discussion. 



2. Equations with DDFSSs 



In |12|, we have proved the following theorem: 
Theorem 1. Eq. (|l.5| ) possesses the additive separable solution 



u = a{x) + b{t), 

if and only if it admits the GCS 

V = u.,|. (2.1) 

Theorem 2. Eq. (|l.5| ) possesses the derivative-dependent functional separable solution 
if and only if it admits the GCS 

+ fu + fuUxt d 

Proof: Let v = f{u,Ux) = a{x) + b{t), in Theorem 1, after replacing uhy v = f{u,Ux), and 
simplifying (|2.1|), we get 



V = f{u, Ux) = a{x) + b{t) 

if and only if 

. . _ d _ [jfuuUt + fuUxUxt)Ux + ifuu^Ut + fuxUxUxt)Uxx + fu^Uxxt + fuUxt] 9 

And then the assertion holds. 



From Theorem 2, we know that equation (1^) admits the DDFSSs ( |1.3D if and only if it 
admits the GCS Q. 

By using the Leibnitz rule on n-th order differentiation of product functions, we arrive at 
the following lemma: 

Lemma 1. Assume G{r) ^ 0, F{r) and G(r) are arbitrary smooth functions, then DlF{r) = 
0, i = 0, 1, A^, if and only if Dl (^) =0, i = 0, 1, A^. 



In order to cover the special case = in ( |1.3| ), on the basis of Lemma 1, we can take 
away the denominator /„ in (|2.2|) and choose tj and V as the following form. 



d 

V = [{fuuUt + fuUxUxt)Ux + ifuu^Ut + fuxUxUxt)Uxx + fu^Uxxt + /u^^t]^- (2.4) 



The invariant condition for ( |2.4| ) reads 

V'^'^\ut - A{U, Ux)Uxx - B{u, Ux)) 

= DtT] - {AuT] + AuxDxr])uxx - A{u, Ux)Dlr] - {BuT] + Bu^DxT]) 

= DtT] = 0, (2.5) 

whenever Dl.r] = 0, (i = 0, 1, 2, • • • ) and ut = A{u, Ux)uxx + B{u, Ux), where 

r] = ifuuUt + fuUxUxt)Ux + ifuu^Ut + fu^u^UxtjUxx + fu^Uxxt + fuUxt- (2-6) 
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Substituting into gives 



f] {UxxfuUx + 'Uxfuu){-^Uxx + B) + {UxxfuxUx "l~ '^xfuux ~l" fu){-'^Uxx + 

XX 

fux-^^XXXX ~l~ {fux-^UxUx ~l~ fuxUx-^Ux)'^XX ~l~ {{fuUx-^Ux ~^ fuxUx-^U ~l~ fux -^UUx)^X 

~^ fux-^U ~l~ fuUx-^ ~l~ fu-^Ux ~l~ fux^UxUx ~^ fuxUx^Ux^^XX ~l~ {{fuUxBux ~^ '^fuxBuUx 

~\~fu'^u ~\~ fuu-^ ~l~ fuxUx-Bu^^x ~l~ ifux-^uu ~l~ fuUx-^u)Ux 

'^(.'^fux-^Ux ~l~ fuxUx-^)^XXX ~l~ fuxBu ~l~ fu-^Ux ~l~ fuUxB^UxX 

+ ~l" fuxBux + {fuux^^ "l~ '^fux'^u)Ux)Uxxx 

HfuuxBu + fuxBuuW + ifuuB + fuBu)Ux = 0. (2.7) 



In order to determine all the possible /, yl and i? from (2.5), a straightforward substitution 
leads to 

5 3 

-DjT/ = ~Q^\fux-^^XXXX ~\~ {fux-^Ux)ux'^XX ~\~ {{fuUx-^Ux ~l~ fuxUx-^U ~\~ fux ■^UUx^'^X 

~^ fux-'^U ~l~ fuUx-^ ~l~ fu-^Ux ~l~ fuxBuxUx ~^ fuxUxBux^^XX ~l~ {{fuUxBux ~l~ "^fuxBuUx 

~\~fu-^u ~\~ fuu-^ ~l" fuxUxBu)Ux ~\~ {fux-^uu ~l~ fuUx-^u)'Ux 

~^ {'^ fux -^Ux ~l~ fuxUx-^^^xxx ~l~ fuxB'a ~l~ fuBux ~l~ fuUxB)Uxx 

HfuA + A 

a; -^"ita; "I" {fuUx^ + '^fux-Au)Ux)UxxX 

+{fuuxBu + fuxBuujUx^ + (/™-B + /u-Bu)na]. (2.8) 



Using the integrable condition between ( |1.4| ) and r/ = 0, and 
Uxxxx in terms of n^;, tt^x and u^xx, and substituting these expressions into ( |2.8| ), we have 



^xxx 

+/l7ti^2, + h^U^x + ^9^xa; + ^lO^xx + ^ll^xx + ^12 = 0, (2.9) 

or equivalently 

hi = hi{u, Ux) = 0, i = 1, 2, • • • , 12. (2.10) 



where the expressions for hi are complicated, and are given in the appendix A. Eq.(1.4) 



possesses the DDFSSs (|L3|) if only holds, or equivalently, the system of PDEs (CT ) 



holds. From the system ( p.lOp , one obtains the following relations among A, B and /: 



3 + 5Vl+5o(w) In A - ^Jl + gQ{u)\n[-'iAux^gi{u){2 + g^iu)) - g2{ 



u 



2go{u)A^ + 2J3Aux^g^{u){l + go{u)) + 2V35o(«)^=^ Vff^^«J (2-11) 



2ln[AuxV3y/gi{u)il + go{u)) + JsA,, V(«)(l + ffo(n)) + 25o(^x)A3], 



(2.13) 
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A^fu 



dux + hQ{u) > Adux + bi{u) 



where fo{u), go{u), 51 (it), g2{u)-, bo{u) and bi{u) are arbitrary functions of u. 

It seems that it is impossible to obtain the general solution A(u, Ux) from the transcendental 
equation ( |2.11| ) for arbitrary go{u), gi{u) and g2{u). It is clear that in order to find explicit 
solution of A(u, Ux) from ( 2.11| ), the only possible cases are, (i) the factor Au^ appears only 
in one of two logarithmic functions and (ii) the ratio of the coefficients of the two logarithmic 
functions of ( ^.11 ) are integers. After a lengthy computation and tedious analysis, we finally 
attain the following results: 
Theorem 3. The equation 

Ut = A{u, Ux)Uxx + B{u, Ux) 

admits nontrivial DDFSSs of the form (|1.3|) with fux{u,Ux) 7^ 0, if it is locally equivalent to 
one of the following equations, up to equivalence under translation and dilatation of u: 

(1) 

7/ 

(2.14) 



Ut = ex-p[c3(l) + (l)uUx][Uxx + —ul + C3UX + Cl(/)„^] + C2(/'„\ 

Ux 



(2) 



/ {U, Ux) = 4>uUx + C^cj) + C4; 

Ut = Uxx + ClUx + ——Ux + (C4 + C^(p)<Pu > 
f {U, Ux) = (t>uUx + CsCp + C2; 



(3) 



Ut = {clU + C2) (-n^)" Uxx 
f {u,Ux) = ln{-Ux) ; 



2C2 

1 + a 



-Ux)"'^'^ +C4li + C3, 



(4) 



(5) 



(6) 



Ut = {-Ux)" ^Uxx + C2{-Ux)°' + C3U + C4, 
f{u,Ux) = ln{-Ux) ; 



Ut = UxUxx + C^Ux^ + CiU^ + C2U + Cl , 



/ {u,Ux) = In(-'u^) ; 



Ut 



C3{C1U + C2) - Ii, 

/ 2 Cl 
fCsCi ( C3C1 + — 

f{u, Ux) = In [c3(ciu + C2) - Ux] ; 



ClU + C2)Uxx - 2ciUx + (2C3C1 



2 C1C4, 



C2 



U + 2C3C1C2 — C4 



+C3C1 f C3C1 + ) U^ + 2C1C3(C4 - C3CiC2)m + €203(04 - C3C1C2) 



2.15) 

2.16) 
2.17) 

2.18) 
2.19) 

2.20) 
2.21) 

2.22) 
2.23) 

Ux 

2.24) 
2.25) 



= {clU + C3 - Ux)~^ [Uxx - (C4n + C2)Ux + CldU^ 
+ (ciC2 - Ci' + C3C4)n + C3(C2 - Ci)], 
f{u, Ux) = ln(citt + C3 - Ux); 



Ut = (Ci - Ux) ^Uxx - C3 ln(ci - Ux) + 04^ + C2, 

f{u,Ux) = ln(ci - u^); 



= [Cl(c2tt + C3) - Uxf[Uxx + {C2U + C3)n^ - {2ciclu^ + 4C1C2C3U + C4 
+2ciC3 jUa; + Ci C2ii + 2ci 0203^ +0102(04 + 30103 — 0102)^ + 0103 

+010304 - 0^0203], 

f{u,Ux) = ln[0i(02'U + 03) - Ux]; 

Ut = (01 - Ux)°'uxx + C2, 07^ -1, a 7^ -2, 01 7^ 0, 
f{u,Ux) = ln(oi - Ua;); 



/ (n, Ua;) = 02arcsinh[tan('U-r + ci)] + 03; 



60: 



•3 f y^uu 2 



Uxx 



{(puUx - Cscf) - 0304)2 (f), 



-ul + 203Ua; - o|0(/>„ ^ - 4c44>u 



f{u,Ux) = 7- 7 To [Cl^u^^x - 2ClO3(0 + C4)(f>uU^ 

{(puUx - C3(p - C3C4)^ 

+oio|((?!) + 04)^ + 020^]; 



6^ r 60„ + 04 2 C3O4 1 2 /i 

= 7 ^ + ^ '^x ir'^x + ^C3O40 , 

{ux - C2,^)^ 6^ 3 6 

Oi^a;^ - 2ciC-i4>Ux + {c2 + Clo|)^2 

f(u,ux) = J ; 



-3(O40 - 03)2 , ^«»„,2i 

2(</,^, - 1)2 + 



/(U, Ua:) = 77- 3^ — 2 [40i(?!)^U^ - Soic^^Ua: + 0204<;/!)^ 

'OuUx J- J 

„2l 



-2020304(?!) + 4oi + O2O3]; 



(15) 



(16) 



(17) 



(18) 



Ut = --, Tgl^xx - (-7^ + Cz)ul + 2c3C4Ux + C3(l - cl)cl)\, (2.42) 

{Ux ~ c^cp) — (p (p 



^ r , SUU 3 , I "^5 / , ^ . ,s 

= -ir9uUx[uxx H + -rrciux + [g + 04), (2.44) 

3 g 2 3c2gu 



/(n,n,)=C2ln[^]; (2.45) 



\/6 \/6 

= —Ux4>uUxUxx + — - — 7r-:[^ic2(p - 2c3)(puu - 5c2(pl]ul, (2.46) 
3 18(c2(p - 2c3) 

f{u, u^) = ci In {\j'~^^^'t^u^^ ' (2-4 



f^A ^ \ ^ /^^ 3 ^ C2 / (4C3-3C5)^\ 2 
■"t = I Y g'P^i: + C2 j Uxx + y -^(puUx + — I C40 ^ 1 Ua; 

VeCsV 2(2c3-C5)</.„\ 3C23(2C3 - C5)<^„ 
+ ^4 -2 -3 

^C2(3C4C2^ + 2C1C5)^„,^ (2.48) 
2C5 

/(u, n^) = ln(V6(/.'u^ + 3c2); (2.49) 

where (t){u) and (^(u) are arbitrary functions of li, and Oj, /x, Cj, i + 1, 2, • • • , are arbitrary 
constants. 



3. Explicit exact DDFSSs 



In this section, we deduce exact solutions of the equations obtained in the last section by 
means of the DDFSS ansatz ( |1.4| ). We affirm that the resulting equations enjoy abundant 
exact solutions due to their inclusive arbitrary functions and constants. Now we just give 
some of which resulting from the derivative-dependent functional separable procedure for all 
the models listed in the theorem 3. 

Example 1. For the equation ( p.l4| ), to obtain exact solutions via derivative-dependent 
functional separable procedure, one solves the DDFSS ansatz (1.3) with (2.15) first and then 
substitute the result to the original equation ( p. 14 ) to fix the concrete functions a(x), b{t) 



and the integration function. Finally, we find that ( |2.14| ) has an implicit separable solution 

ci ln(c2C3) - ln(l - Aexp [c2C3(t + 02)]) , cix 

(p[u) = tC2-\ ^ H 1- a2C2 

Cs'^ C3 Cs 



+ 



exp(c3rE) (C3X - 1 + ln(c3Ci(ci - C3))) 

ai 

C3 

//ln(Aexp[c2C3(t + 02)] - 1)1 , . 

exp(-C3a;) 

C3A J 

for C3 7^ 0, where and hereafter A, /x, aj, Ci, i G Z are arbitrary constants. 

For C3 = 0, the equation ( |2.14|) has two derivative-dependent functional separable solutions 
given implicitly by 

_ 1^^^, _ l(2«iCi^-2aoCi + 2ciC4)^ _ /^^,(_.,+.,) _ ^ ^ ^ 
2 2 ci V / 

-^|^^^^°g( e^.(^+^OA-l ^""^^V' 

and 

y In ^2gcix '^^ ~ ^ ^"[^ + "3)] + C2t + a2j , 

where the function dilog(x) is the usual dilogarithm function defined by: 

dilog(xj = / dx. 



(3.1) 



Example 2. In the same way as for the last example, we can find that the equation ( |2.16| ) 
has the implicit separable solution 

4){u) = — 1 5 { [2(c4C3exp(c3x) - aiC5C3exp((c5 + 03^ - CiC3)t) 

-2C3C5(C5 + C3^ - C1C3) 

+a2C5(c5 + C3^ - ClC3)exp(c3X + est)) - C3a4C5(2c3 - Cl - a/ Ci^ - 4C5) 

xexp Q(2c3 - Cl + \/ ci^ - 4c5)x^ - 030305(203 - ci + x/ci^ - 4C5) 

xexp (^-^(ci - 2c3 + \/ci2 - 4c5)x^ e-'^^^j 

for C5 7^ 0. 

If C5 = 0, the equation has the DDFSS 

, C4X aie"*^!^ C3[c4 + /u + Cl (/xt - C2 + 02 + 04)] - ^ 
(/,(u) = + 2 

Cl Cl (C3 - Cl ) C3^Cl 

+a3exp[-C3 {x + (ci - cs)*)]. 

Notice that for ci = 0, C4 = 0, C5 = 0, (p{u) = e", the equation turns into the potential 
Burgers equation 
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It is related to the usual Burgers equation 

Vt = Vxx + '^VVx 

hy V = Ux- 

In this case, the DDFSS ( |3.lD becomes 

V = Ux = {ln[(a4 + 02 + as)c^^ + ai exp(c|t - C3x)]}x- 

Usually, if the inverse function of (p{u) in ( p.l6 ) is well-defined then the solution ( p.l| ) 
denotes a multiple soliton resonant solution. For instance, setting 

(j){u) = tan n. 



then the nonlinear diffusion equation ( P.16D becomes 



1 



Ux 



+ ClUx + 2u^ tan(ii) + C4 cos (u) + -C5 sin(2ti) 



(3.2) 



and the corresponding solution (3.1) becomes 
2a3 exp 



arctan 



i y/cf - 4C5 + Ci 



2a4 exp 



2c3 - ci - Vc? 



+ 



4c5 - ci he 



H exp(c5t) h ai exp[(co 

C3 C5 



4C5 2C3 
- C3C1 + C5)t - C3X] 



(3.3) 



When a2 = 03 = 04 = 0, ai 7^ the solution (|3.3D denotes a travelling kink solution, ( p^ ) 
is a static kink solution for 02 = ai = 04 = 0, 03 7^ or 02 = 03 = ai = 0, 04 7^ 0. ( ^ ) 
becomes a instanton solution for oi = 03 = 04 = 0, 02 7^ 0. Generally, the solution ( |3.3| ) is 
a resonant solution of the travelling kink, static kink and the instanton excitations. Fig.l is 
the evolution plot of the single kink solution (3.3) with 

ai = 1, a2 = 0, 03 = 0, 04 = 0, C4 = 4, 05 = 4, ci = 5, 03 = 3. (3-4) 

Fig. 2 is the evolution plot of the resonant solution of the travelling kink and the static kink 
while the corresponding parameters are taken as follows 

oi = 1, 02 = 0, as = 1, 04 = 0, C4 = 4, C5 = 4, ci = 5, 03 = 3. (3-5) 

The resonant solution shown by Fig. 2 denotes the fusion interaction between kink and 
anti-kink. Before the interaction, there are one large travelling kink and one small travelling 
kink. After the interaction, the large kink and the small anti-kink degenerate to a single 
smaller static kink. The soliton fusion and fission phenomena can be found in many (1+1)- 
dimensional integrable models |^0| and have been observed in some real physical systems. 
Example 3. The equation ( |2.18| ) possesses an explicit separable solution 



u 



y [-7 (C1C3 - C2C4 + 2 (-l)^"'"^"c2C3)exp(a2ac4) + (a - l)c4t - C3exp(-C4t)] 

ci—cia + 2a C2( — 1)^ " 

X [(-ci + 2c2(-l)^")7exp(c4a(t + a2)) - l]~ -(-i+2c2(-i)^") dt + 



X [(-ci + 2c2(-l)^")7exp(c4a {t + 02)) 

1 / / XX l+g 



70 (a (x + ai))' 
l + a 



1] -(-i+2c2(-i)^«) exp(c4t) 

1 

C4exp(a4C4(t + 02)) 



(ci + 2 (-1)1+2 "C2)7exp(c4a _^ q^)) + 1 
9 




Figure 1. Evolution plot of the single kink solution ( |3.l| ) with (|3.4| ) 



Fig.2 




Figure 2. Kink fusion interaction expressed by (|3.1| ) with (3.5). 



If ci = 0, C2 = (—1)", C3 = 0, a = n, the above equation becomes 

2 



l + n 

which is just the equation {A.2) of Theorem 2 in [^] for 

51 =0,6i = -1,62 = 0,/3 = -2,7 = -C4. 
Here we obtain its new variable separation solution, the DDFSS, which is given explicitly by 



,n+l 



+ as ^ e*"** 



7 C4exp[c4(a2n + t{n — 1))] 
27exp[c4n (t + 02)] - (-1)'^ 

1 ,1 i+ii [ 2 (-l)"+^7exp[c4n (t + 02)] + 1 ; 

n(x + ai)J " < > exp(c4f + a2C4j 



l + n 



C47 



10 



Example 4. An explicit separable solution of ( p.20|) reads 

1 

//exp(c3t)\ / csa \a-i 



exp(a(x) + 03(03 + t))dx 
+02exp(c3t) 



A J \ 1 — A exp(c3(a — + 03)) 

C4 

for C3 7^ 0, where a{x) satisfies 

,/ ^Jl-a)ai 

a 

If C3 = 0, an DDFSS is given by 



a"ix) + aa'^ + caa' - -e^i-)'^^") = 0. 



u = —e 



( — (aici^/^e^ ^^^^"^ + aa2C2) J dx + (04 + 0^0202) t + 03. 



Example 5. The equation ( p.22 ) has an explicit separable solution 



for C4 7^ 0, where and s{t) satisfy 

a'" + {5a (x) + 2c3)a" + 2a^ + 030'^ + 2c4 = 0, 

4ai(c5^ - 4ciC4) 



= In 



sit) 



4(052 - 4ciC4)(/x2 + 4AC4) - ai2(g-Vci-4ciC4t + asVc^ -4ciC4)2 
V C52 - 2ciC4t, 
-C5 + 6'(t) + ;ue^W 



2C4 

If C4 = 0, the DDFSS of (^2^) becomes 

_ (-A^ci - ficj - c^A/ e"(^)dx) e^5(t+«o) + x (-oicg (e^^* + ci + A e^5(2t+a„)^^ 
^ ~ C5A (Ae'^5(*+'^o) - 1) 

where a{x) satisfies 

a" - 2a'2 + C3a' - Ae'^^^) = 0. 

Example 6. An explicit variable separable solution of Eq. ( |2.24| ) has the form 
1 



2 / (ci/"C2 - 2cf C4) t + C2/ix - 4 C2aici \ 

2ci exp ^- - C2^exp (-C3C1X) 

\ 2ciC2 / 



^ 02^01 (/^C2 + 2ciC4) ^' 
^ 2C2 



If ci = 0, the DDFSS of (|2?2^ ) is given exphcitly by 



/ ^^ ( 1 \/c2ai (x + 02) \ ^ 1 

ti = -VC2«i (i + 03) tan + Cit + C2C3X + 04 + -010203. 

C2 / 2 

If C4 = 0, C3 = 0, the equation (|2.24| ) becomes 

ut = \- 2,ciUx 

Ux 

11 



which is equivalent to the equation {A.3) of Theorem 2 in jl^ for 

51 = 0,/3 = 0,n = 0, 5i = -C2,62 = -ci,g2 = 0. 

It has a new solution 



u 



1 

Cl/i 



2 ci exp ( — I - /i C2 + a2^ciexp I 2 ^ * 



Example 7. The equation ( p.26|) possesses an explicit variable separation solution 
_ (//Ci - Cie^4(t+a2)) J g-cix+a(x)^^ ^ aiCiC4e'=4t _ c3C4e-'=i^ + Aci 

for C1C4 7^ 0, where a{x) satisfies 

a"{x) - cia'(x) - fie"-'^^^ - C3C4 - c\ + C1C2 = 0. 
If ci = 0, C4 = 0, its DDFSS is given explicitly by 

'-^ + C3X + 026^4* ^1 



C4 



C4 



where a(x) satisfies 



a{x) 



zds = X + 04. 



a/— 2Ae'^ + 2C4C3S + as 
If ci / 0, C4 = 0, its DDFSS is given explicitly by 

n = Aft + ai)e^i^' / e'^^^^-^^^dx + (//t + 02)6^1^' - —, 

y ci 

where a(x) satisfies 

a" -cW + Ae"(^') + ciC2 - = 0. 

If both ci and C4 are zero, the derivative-dependent functional separable solution of ( |2.26| ) 
should be 

6i(c3X + h2t + 60) exp[53(x + 64)] + C35ix + 61(62 - 26302)* - 26302*0 + ^o^i 



u 



6i[exp[(x + 64)631 + 1] 
with 60, 62, 63, 64 and to being all arbitrary constants. 

Example 8. For C4 / 0, the derivative-dependent functional separable solution of Eq. (|2.28| ) 

reads 



u= (exp[c4(t + 03)] - A) 
C4A 

/-„pC4(i+a3)j. I 



A / exp[a(x)](ix — C3 ln(- 



exp[a3C4 + C4t] — A, 



C4 



+ ClX 



A 



C4 



where a{x) satisfies 

a"{x) + C3a (x) + Ae"(^') - C1C4 = 0. 
If C4 = 0, the DDFSS of ^J2^ ) is changed to 

u = 



-A (t + 02) j e"(^)dx - C3 (t + 02) ln[A {t + 02)] 



+ (// + C3 + C2) t + cix + €302 + ai, 
12 



where a{x) satisfies 
Example 9. 



/(rE) + C3a(x) -Ae"(^') =0. 



C2A 



+ aie 



C2t 



C3 
C2' 



with a{x) being a solution of 

a" (x) - a'{xf + (C4 - 2ciC2)a' (x) - Ae^"^'^) + ci 02(04 - C1C2) = 0, 

is an exact solution of Eq. ( |2.3C| ) via the variable separation formula (|1.3| ) with ( 2.31| ). 
When C2 = 0, the DDFSS is given explicitly by 



where a{x) satisfies 



2v^A (t + a2) (^j e'^'^'^Ux - fi + ai + C1C3X + c^t, 



a"{x) - a'ix f + C4a'{x) - Xe^^""^ = 0. 



Example 10. The equation (|2.32| ) has the following special variable separable solution 



^^a {t + 04) 
where a{x) satisfies 



±V(« + 2) j - 



{t + 04) 

e(«+i)« 



A a (t + 04) + C2t + 03, 



— X — 02 = 0. 



Vai -2/xe(«+2)« 

Example 11. The equation ( 2.34| ) is a trivial linear diffusion equation which allows of 
course infinitely many product variable separation solutions. It is easy to see that it allows 
a DDFSS which is simply equivalent to a trivial special additive separation solution 

u = aix + C/^t. 

Example 12. The DDFSS of ( ^6] ) with C2 / is given by 



-^^JC2e 



zdx 



-as 



- a2e2^ + 2^/^tanh 



C2 



H arctan f W 2^/0302 tanh ( — ^ ^ — — ^ 

0203 yv V C2 

—046^ — C4. 

Example 13. The equation (|2.38| has the following special solution 



03 - 02 



'(s)) ^ ds 



(3/x2t + +\/3/i C2X + 3aiC2 + 3a2C2 — 3ciC2) 
-2 — h C3X + Cit. 



There are three special cases of ( 2.38 ), which are known in literature: 



(i) If C3 = 0, (j){u) = Co, ( 2.38|) becomes 

ut = 



-D K + C4, 
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(3.6) 



which has a DDFSS given exphcitly by 



\/3fiC2X + 3fj.^t + 3(aiC2 + a2C2 - C1C2) 

U = I -2 + C4t 



This equation is equivalent to the equation (19) of Example 3.1 in |13] for n 
(ii) If C3 = 0, (j){u) = u, (p.38|) is simplified to 



-1, a = 0; 



u u. 



ut = -6 5- + (6 + C4) u, 



(3.7) 



which has the DDFSS 



a/3//C2X + 3//2t + 3(oiC2 + a2C2 - C1C2) 
u = exp I —2 — h C4t 



Eq. ( p. 7] ) is equivalent to the equation (26) of Example 3.2 in [13] for n 
equation (26) is a generalization of the curve shortening equation 



-1, a = 0, the 



(iii) If C4 = 0, C3 = 0, (/>(«) = e", ( |2.3^ ) becomes 



lit = -6 K h6e^", 



which has the DDFSS 



(3. 



ti = In 



A* 



^2 Y \/3fj,C2X + 3;u2^ _|_ 3(a-^c2 + 0202 - C1C2) - as//^ 
After transformation n = w/2, (3.8) is transformed to 



Wt = -24 ■ 



e tWo^ 



Wx 



+ 12e"', 



2' 



n 



which is equivalent to the equation (23) in the example 3.4 in [ p^ ] for P = 0,a ■ 
-l,a = 0. 

Example 14. The equation ( p. 40 ) admits a special separable solution given implicitly by 



Ca^C2 



2c4\/ aQC2X + 3ao^t — C1C2 + &0C2 + 2ao — C3C2C4 



-aiC4 C2exp 



c/^{2^/aQC2X + 3ao^t - C1C2 + 60C2 - 3c4aot)\ 



2ao 
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Example 15. The DDFSS of (|2^) has the form 

'3a2^t + asci + oici + C1C2 



C4C1 . Ci 

m H m 

a2 «2 



exp 



-2exp 



Ci(2a3 + 2oi + a2x) + 602^^ 



/ /ci(a2X + 03 + ai) + 3a22t\ / C2 

-exp ^ J + U 

ci(3a3 + 3ai + a2x) + 9a2^t\l (ln2)ci 



xexp 



2ci2 



02 



+ 



C4a2Cix + (-3a2^ + 6030201)* + ici^vr + (0402 - 03 - ci - C2)ci 



Example 16. 

9{u) = 



A 

— exp 



2/it + 6a2 



3C2 



+ 



-3 C2aie 



cia2 



M t+3 a2 

3co ..-i 



V2fi v/-e-v^ci(x+a3) + A + V2(ln 2)/i ^ 



+\/2/i\/Aln(A + ^/AV-e-v^'=i(^+'^3) + A) + A/3/Li\/Aci(x + 



+3a4^/iCi^/^^/c^ 



e ^'^z 



is a special DDFSS of 

Example 17. The equation (|2.46| ) for C2 7^ has a DDFSS determined imphcitly by 
1 



2ao / 2a 



243c2^ci^e ^=1 ( e ^=1 + 03^ 



4ao f 4a 



2916c2Ci3 

+486e^^ci^C2^a3X + 2e ^02*1" + 5832ci^C3 



18\/6c2^cie ^=1 ( e a; + 036 ^=1 ) t 



4,2 



For C2 = 0, the equation ( ^.46 ) enjoys an exact DDFSS in the form 



3ciA^(t + 02) 
where a[x) satisfies 

\/c3 / e^^i 



-e '^i + ic\^ ^foiXe"^ 



-ds = X + 04. 



Example 18. For the equation ( 2.4^ ), a special DDFSS is given by 

1 



(f){s)ds 



''W / e'^^'^^dx - 3c2X - s{t) 



with 



62 6c2(2c3 -C5)e2"(^)e26W 

+^/6c5a'(x)e2<^(^)e2^W +3c4C2e2'^(^)e2^(*) + I8C1C2C5 
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Given any (p{u), then a{x), b{t) and s{t) are determined by the above two relations, thus 
the separable solution u is determined. 



4. Summary and discussion 

In summary, we have brought forward a new conception of DDFSS to nonlinear evolution 
equations. Taking the generalized nonlinear diffusion equation as a concrete example and 
using the GCS approach, we have obtained a complete list of explicit canonical forms for such 
equations which admit the DDFSSs. As the consequence, some exact explicit solutions to the 



resulting equations have been obtained via solving the DDFSS ansatz (L3). The approach 
also provides a symmetry group interpretation to the DDFSSs. Our approach is more general 
than the others due to the involvement of the derivative-dependent functional separable 



function in the ansatz (1.3). Subsequently, we can obtain a good many new nonlinear models 
which can be solved by means of generalized nonlinear variable separation procedures. Some 
new exact solutions of some known models are given explicitly. Several different types of 
localized excitations of some complicated nonlinear diffusion equations have been found via 
the DDFSS approach. 

Though the variable separation approach has been developed in several different directions 



12|-|ig|], it is still far beyond of perfect. There are some important problems should be studied 
further. One of the most important problem may be how to unify all the known informal 
variable separation approaches? Perhaps, we can propose a unified variable separation ansatz 
in a most general way [u = u{xi, X2, Xn), Gj = Gj{Ci, ^m^), 6 = Ckixi, Xn), k = 
1, ruj, rrij < n) 

f{xi, X2, u, u^^, Uxixp-) = g{xi, X2, Gj, Gj^^, Gj^^^^, ...). (4.1) 

Though all the ansatzs of the known informal variable separation approaches are the special 
cases of (|4.l| ), the concrete realization procedures for different known approaches are quite 
different. Can we find a universal method, say, the GCS method, to realize the generalized 
variable separation ansatz ( |4.1| )? 

APPENDIX A. Expressions of hi of ( gJ^ ) 
It takes a dozen pages to write down hi, i = 1, 2, 12, explicitly in terms of /, A and 
B. For simplicity, we display them by introducing the following notations: 

To = {fu.,Bu)uul + {fuB)uUx, {A.l 

Tl = {fua:Aux)ux^ (^-2 

r3 = fu^uA + Sfu,Au^, {A A 

^4 = ifux^u)uUx + [{fuxBux)u + UuMu^ + {fuA)u]ux + UuB)u^ + fu^Bu, {A.5 

Fg = {2fu^Au + fuu^A)ux + fuA + fu^Bu^, {A.Q 

=Fi/-i.4-i, i = 0,l,--- ,5, (A7 

Gi =F3Fi-Fi„,, (A8 

G2 = -FluUx - F2u, + F5F1 + F3F2, {A.9 

G3 = -3Fi+F|-F3„,, (AlO 

G4 = F5F2 - F2uUx + F^Fi - F4u, , {A.U 

G5 = -F5u, + 2F3F5 - FsuUx - 2F2, {A.U 
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Ge = -F^^u, + F3F0 + F5F4 - Fo„, , (^.13) 
Gr = Fi - F4 - F^uu,, (A. 14) 

Gs = F5F0 - Fo,u,. (A. 15) 

With the help of the above notations, hi, i = 1, 2, 12 in ( 2.10 ) read 

= -gFsAu^ + 2AG3 + 15A„^,, , (A.W) 
h2 = i-2F3Au - F3uA + 12^„„Jn^ - JF^Au^ + 4Au + Wu^u, + F^u^A + AG5, (A.U) 
h-s = (5G3 + Fsux - 4F| - Fi)Au^ - W^Au^u. + 10^„,,,„, 

+{Fiux + 4Gi + G^ux - 2FiF3)A, {A.18) 
hi = AG^Ux + F^u^Au, - AF2Au^ - F^Bu^ - 2F3AU + 3Fi5„^ - AF^Au^u, 
+4AuU^G3 + AGsuUx + F^u^AuU^ + Fa^^^ - SFiAF^ - SF^A^^F^ 
+BuxG3 - 5F3U^Auux - F2AF3 + 5Au,G5 + QFiA^u^ - 3F|A„u^ 
+24n^^„„,„, + 3AG2 + Fs^A + F3„,S„, + 22A„, + 6Bu,u.u., (A.W) 
h5 = {ISAuuu. - 2FsA^u)ul + {{Bun. - QF5A^)F3 - IF^Auu^ + iA^G^ + F^^^B^ 
+AG5U + F^u^Au + l2Buu^u^ + 4F2AU + l6Auu)u^ + {-2F^Bu^ + S„)F3 
-7FiAu^ - 4FiAu, + {-2F2A - - Bu^ujF^ + F^uB + 10S„„, + BuG^ 

+F^u^Bu^ + F^uA + AGju^ + bAu^Gj + 2AGi + 2^2 + AF^^^, (A.20) 
/i6 = 4A„„„m3 ^ [F^B^u - 3^5^™ + 65„„„Jm2 + [AA^Gj + F^^^B^ 
-F^B^u. + AG^u + 4Buu + (2F4 - 3F|)A„)n^ + - F^A)Fi 
-lO^^^Fo + (Fo,, + F0F3 + G^)A + BuSGi - F|) + ^5«5, (^-21) 
hi = A^^u^u^u^ + A{Giu^ - SFf) + (-7^,,,, - AG3 - 4F3AM 

+{Au.u.u. + AGi)F3 + Au^ {Fiu^ + 5Gi), {A.22) 
hs = [{-3F3AU - 10^„„jFi + AAuu^u^u^ + AGiu + 3F3^„„^„^ + Fiu^Au + 4AuGi]u^ 
+{-4Au - 5F2A - Bu^u^ - FsBu^ - 4F5^„jFi + (-4F3^«. - 8A^^^^ - ^^3)^2 
+i^Auu^ + Bu^u^u^ + AG2)F3 + {Au^u^u^ + AGi)F^ + B^^u^u^u^ + 5Au^G2 

-AG5F1 + 6Auu,u. + AG2U. + Fiu^Bu, + Bu^Gi + Fa^, + (A.23) 
/i9 = (-3Fi^„„ + 3F3A„„„, + GAuuu^uJul + [{2Buu. - SF^^i - 3(F3^„ + 4A„„JF2 

+ (3A«n + 'iBuuxUx)F3 + Fiu^Bu + AG2« + \2Auuux + F2uxAu + 3F5Atiti^u^ 

+4yl,G2 + 45,,^„^„Jn, - AG5F2 + {2Bu - AGj - F^B^^ - mA)Fi - 2F|^ 
-{FsB^^ + 2B„^,, + 4F5A„^ + 5AJF2 + {AGi + 35„,^ - 4F4^,JF3 
-{9Au^u, + AG3)Fi + {3Auu^ + B^^^^^, + ^^2)^5 + bG^A^^ + AF2„ 
+i^4«,^«, + Bu,G2 + 3Auu + FluB + GBuu^u^ + F2u^Bu, + AGiu^ , {A.24) 

hiQ = {5Au^ + F3^)G6 + [4AuuuUx + F3Auuu)Ux + {^FiBuu + ^F^Auuu^ + GAuuu + ^F^Bunu^ 

-4F2AUU + QBuuu^^^ul + [3F5^„„ - (14yl„„^ + 3F3A„)F4 - 3F5^„F2 
+AGiu + ^F^Buu^ux + ^F^Buu + 4AuGi + 12Buuu^ + F2u^Bu + F^u^Aulux 
-{3F2A + 6A„ + ylGs + F35„, + 3S„,„, + 4F5A„JF4 - (10^„,„, + 3Fi^ 
+^G3 + 4F3A„jFo + SF^Buu^ + F^uA + FaS^ + F4«,5„, + B^^G^ 
-AG7F2 + 3S,„ + F5AG4 + AGqu^ + Fou^A^^ + F2uB - F^Bu^F2, (A.25) 

/ill = (F5A + 4^„Wa; + S„JG6 + {hAu, +F3A)G8 + Auuuuui + {F^Auuu+^Buuuu^+F3Buuu)ul 
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-{2B^u, + 3F5^„)F4 - (3F3^„ + 16A„„jFo]u^ - F|A - {F^B^^ + ^^7)^4 - (45„^«, 
+A{Gr, + 2F2) + FgS^, + 4F5^„, + 7^„)Fo + (Fo„ + Gg^JA + Fo„,5„, + F^^B, (A.26) 

— F^By^ujUr^ 

+{AGsu — '^Buu^Fq — ?,F^AuFq + FQu^By)ux 
-F^AFq - F^B^^Fo + i-AGr - B^)Fo + Fq^B. {A.27) 
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